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========================
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Variation and oscillation can be used to measure the speed of convergence of certain convergent families of operators. The operators of variation and oscillation have attracted many researchers' attention in probability, ergodic theory, and harmonic analysis. Bourgain \[[@CR1]\] obtained variation inequality for the ergodic averages of a dynamic system, his work has launched a new research direction in harmonic analysis. Campbell, Jones, Reinhold, and Wierdl in \[[@CR2]\] established the $\documentclass[12pt]{minimal}
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Given *m* is a positive integer, and *b* is a function on $\documentclass[12pt]{minimal}
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Some preliminaries {#Sec2}
==================

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A_{p}(\mathbb{R}^{n})$\end{document}$ weight {#Sec3}
-----------------------------------------------------------------------------
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p^{\prime}$\end{document}$ is the dual of *p* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1/p+1/p^{\prime}=1$\end{document}$. A weight *ω* belongs to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A_{1}(\mathbb{R}^{n})$\end{document}$ if $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \frac{1}{ \vert B \vert } \int_{B}w(y)\,dy\leq C\cdot\mathop{\operatorname{ess\, inf}}_{x\in B} w(x) \quad\mbox{for every ball } B\subset\mathbb{R}^{n}. \end{aligned}$$ \end{document}$$
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Following \[[@CR16]\], a locally integrable function *b* is said to be in $\documentclass[12pt]{minimal}
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### Lemma 1 {#FPar3}
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Maximal function {#Sec5}
----------------

The Hardy--Littlewood maximal operator is defined by $$\documentclass[12pt]{minimal}
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Taylor series remainder {#Sec6}
-----------------------

By definition, it is obvious that $$\documentclass[12pt]{minimal}
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The following lemma gives an estimate on Taylor series remainder.

### Lemma 2 {#FPar4}

(\[[@CR11]\])

*Let* *b* *be a function on* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathbb{R}^{n}$\end{document}$ *with* *mth order derivatives in* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$L^{q}(\mathbb{R})$\end{document}$ *for some* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q>n$\end{document}$. *Then* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\vert R_{m}(b;x,y) \bigr\vert \lesssim \vert x-y \vert ^{m}\sum_{ \vert \alpha \vert =m}\biggl(\frac {1}{ \vert Q(x,y) \vert } \int_{Q(x,y)} \bigl\vert D^{\alpha}b(z) \bigr\vert ^{q}\,dz\biggr)^{1/q}, \end{aligned}$$ \end{document}$$ *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q(x,y)$\end{document}$ *is the cube centered at* *x* *and having diameter* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$5\sqrt{n} \vert x-y \vert $\end{document}$.

Variation and oscillation operators {#Sec7}
-----------------------------------
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Let *B* be a Banach space and *φ* be a *B*-valued function, we define the sharp maximal operator as follows: $$\documentclass[12pt]{minimal}
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### Lemma 3 {#FPar5}
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                \begin{document} $$\begin{aligned} N_{21}\lesssim{}& l^{1/t'}\sup_{\epsilon_{i}\searrow0 }\biggl( \sum_{i} \biggl( \int_{\mathbb{R}^{n}}\chi_{\{\epsilon_{i+1}< \vert x-y \vert < \epsilon_{i}\}}(y) \biggl\vert \frac{R_{m+1}({b};x_{1},y)}{ \vert x_{1}-y \vert ^{m}} \biggr\vert ^{t}\frac{ \vert f_{2}(y) \vert ^{t}}{ \vert x_{1}-y \vert ^{n+t-1}}\,dy \biggr)^{\rho/t} \biggr)^{1/\rho} \\ \lesssim{}& l^{1/t'}\biggl( \int_{(10B)^{c}} \biggl\vert \frac {R_{m+1}({b};x_{1},y)}{ \vert x_{1}-y \vert ^{m}} \biggr\vert ^{t}\frac{ \vert f(y) \vert ^{t}}{ \vert x_{1}-y \vert ^{n+t-1}}\,dy\biggr)^{1/t} \\ \lesssim{}& l^{1/t'}\Biggl(\sum_{k=1}^{\infty}\int_{\widetilde{E}_{k}}\sum_{ \vert \alpha \vert =m}\bigl( \bigl\Vert D^{\alpha}b \bigr\Vert ^{t}_{*}+ \bigl\vert D^{\alpha}b(y)-\bigl(D^{\alpha}b\bigr)_{\widetilde{F}_{k}} \bigr\vert ^{t}\bigr)\frac{ \vert f(y) \vert ^{t}}{ \vert x_{1}-y \vert ^{n+t-1}}\,dy \Biggr)^{1/t} \\ \lesssim{}& l^{1/t'}\sum_{ \vert \alpha \vert =m} \bigl\Vert D^{\alpha}b \bigr\Vert _{*}\sum_{k=1}^{\infty}\biggl( \int_{\widetilde{E}_{k}}\frac{ \vert f(y) \vert ^{t}}{ \vert x_{1}-y \vert ^{n+t-1}}\,dy \biggr)^{1/t} \\ &{} +l^{1/t'}\sum_{k=1}^{\infty}\biggl( \int_{\widetilde{E}_{k}}\sum_{ \vert \alpha \vert =m} \bigl\vert D^{\alpha}b(y)-\bigl(D^{\alpha}b\bigr)_{\widetilde{F}_{k}} \bigr\vert ^{t}\frac { \vert f(y) \vert ^{t}}{ \vert x_{1}-y \vert ^{n+t-1}}\,dy\biggr)^{1/t}. \end{aligned}$$ \end{document}$$ However, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\sum_{k=1}^{\infty}\biggl( \int_{\widetilde{E}_{k}}\frac { \vert f(y) \vert ^{t}}{ \vert x_{1}-y \vert ^{n+t-1}}\,dy\biggr)^{1/t} \\ &\quad \lesssim \sum_{k=1}^{\infty}\frac{1}{(2^{k}\cdot3l)^{n/t+1/t'}}\biggl( \int _{ \vert x_{0}-y \vert < 2^{k+1}\cdot3l} \bigl\vert f(y) \bigr\vert ^{t}dt \biggr)^{1/t} \\ &\quad \lesssim M_{t}f(x_{0})\sum_{k=1}^{\infty}\frac{(2^{k}\cdot 3l)^{n/t}}{(2^{k}\cdot3l)^{n/t+1/t'}} \\ &\quad \lesssim l^{-1/t'}M_{r'}f(x_{0})\lesssim l^{-1/t'}M_{s}f(x_{0}) \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} &\sum_{k=1}^{\infty}\biggl( \int_{\widetilde{E}_{k}}\sum_{ \vert \alpha \vert =m} \bigl\vert D^{\alpha}b(y)-\bigl(D^{\alpha}b\bigr)_{\widetilde{F}_{k}} \bigr\vert ^{t}\frac { \vert f(y) \vert ^{t}}{ \vert x_{1}-y \vert ^{n+t-1}}\,dy\biggr)^{1/t} \\ &\quad \lesssim\sum_{k=1}^{\infty}\frac{1}{(2^{k}\cdot3l)^{n/t+1/t'}}\biggl( \int _{\widetilde{E}_{k}}\sum_{ \vert \alpha \vert =m} \bigl\vert D^{\alpha}b(y)-\bigl(D^{\alpha}b\bigr)_{\widetilde{F}_{k}} \bigr\vert ^{t} \bigl\vert f(y) \bigr\vert ^{t} \,dy \biggr)^{1/t} \\ &\quad\lesssim \sum_{k=1}^{\infty}\frac{1}{(2^{k}\cdot3l)^{n/t+1/t'}}\biggl( \int _{\widetilde{F}_{k}} \bigl\vert f(y) \bigr\vert ^{t^{2}} \,dy \biggr)^{1/t^{2}} \biggl(\sum_{ \vert \alpha \vert =m} \int_{\widetilde{F}_{k}} \bigl\vert D^{\alpha}b(y)- \bigl(D^{\alpha}b\bigr)_{\widetilde{F}_{k}} \bigr\vert ^{t't} \,dy \biggr)^{1/(tt')} \\ &\quad \lesssim \sum_{ \vert \alpha \vert =m} \bigl\Vert D^{\alpha}b \bigr\Vert _{*} M_{r'}f(x_{0}) \sum _{k=1}^{\infty}\frac{(2^{k}\cdot3l)^{n/t^{2}+1/(tt')}}{(2^{k}\cdot 3l)^{n/t+1/t'}} \\ &\quad = \sum_{ \vert \alpha \vert =m} \bigl\Vert D^{\alpha}b \bigr\Vert _{*} M_{r'}f(x_{0}) \sum_{k=1}^{\infty}\frac {(2^{k}\cdot3l)^{n/t}}{(2^{k}\cdot3l)^{n/t+1/t'}} \\ &\quad \lesssim l^{-1/t'}\sum_{ \vert \alpha \vert =m} \bigl\Vert D^{\alpha}b \bigr\Vert _{*} M_{s}f(x_{0}). \end{aligned}$$ \end{document}$$ Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} N_{21}\lesssim\sum_{ \vert \alpha \vert =m} \bigl\Vert D^{\alpha}b \bigr\Vert _{*} M_{s}f(x_{0}). \end{aligned}$$ \end{document}$$

Similarly, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} N_{22}\lesssim\sum_{ \vert \alpha \vert =m} \bigl\Vert D^{\alpha}b \bigr\Vert _{*} M_{s}f(x_{0}). \end{aligned}$$ \end{document}$$ This completes the proof of Theorem [1](#FPar1){ref-type="sec"}.

Conclusion {#Sec9}
==========
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